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The Serre Duality is a classical equivalence between the cohomology group of the sheaf of holomorphic forms

over a holomorphic vector bundle E on a compact complex manifold X and the associated cohomology

group over the dual bundle E 1. First stated and proved by Jean Pierre Serre and extended by Grothendieck,

this duality theorem is ubiquitous in Algebraic Geometry. To see this duality in its entirety, we assume the

following notation throughout:

Notation

εrpXq “ εrpX,^rT ˚pXq b Cq, the sheaf of sections of complexified r´ differential forms on X .

εp;qpXq “ εp;qpX,^p;qT ˚pXq b Cq, associated pp, qq´forms, based on the decomposition of the complex

structure:

εrpXq “ ‘p`q“rε
p;q

pXq

εrpX,Eq “ εrpX,^rT ˚pXqc b Eq, the sheaf of sections of complexified r´ differential forms on X , with

coefficients in a holomorphic bundle E.

εp;qpXq “ εrpX,^p;qT ˚pXqc b Eq, associated pp, qq´forms.

The Hodge-* operator

The Hodge-* operator is:

On general vector spaces V of dimension nwith an orthonormal basis te1, . . . enu:

˚ : ^
kV Ñ ^

n´kV is defined by ˚ ei1 ^ . . . ^ eik “ ˘ej1 ^ . . . ^ ejn´k

where tj1, . . . , jn´ku “ ti1, . . . , iku
c, based on an oriented volume form e1 ^ . . . ^ en “ Vf .

For α, β P ^kV ,

α ^ ˚β “

1
ÿ

|I|“k

αIβIVf .

This gives an associated inner product on ^kV induced by the inner product on V , given by:

xα, βy “

1
ÿ

|I|“k

αIβI.

On differential pp, qq´forms on a complex manifold X of dimension r:

˚ : εp;qpXq Ñ εn´p;n´q
pXq defined by

fpxq “

1
ÿ

|I|“p,|J |“q

fIJpxqdzI ^ dzJ ùñ ˚fpxq :“
1

ÿ

|Ic|“n´p,|J c|“n´q

fIJpxqdzIc ^ dzJ c.

On differential forms on a complex manifold X with coefficients in a holomorphic bundle π : E Ñ X :

˚E : ^
rT ˚

pXqc b E Ñ ^
2n´rT ˚

pXqc b E 1 defined by

˚Epα b eq :“ ˚pαq b τpeq,

where τ : E Ñ E 1 is an isomorphism of bundles.

Result 1

εp;qpX,Eq
˚E
ÝÑ εn´p;n´qpX,E 1q is an isomorphism.

Harmonic theory on complex manifolds

Harmonic theory aims to define the adjoint of the d operator and its complex analog B. We denote the adjoint

as d˚ and B
˚
, respectively. The construction of these adjoint operators is as follows.

Since adjoints need an inner product, we first define the Hodge inner product as

p., .q : ε‚pX,^‚T ˚pXqq ˆ ε‚pX,^‚T ˚pXqq Ñ R by:

pφ, ψq “

$

’

’

’

&

’

’

’

%

ż

X

φ ^ ˚ψ, if φ, ψ P εppXq

0, if φ P εppXq, ψ P εqpXq with p ‰ q.

Form of the d˚ operator: For r ă n, consider φ P εn´1pXq and ψ P εrpXq. Stokes’ theorem gives us:

pdφ, ψq “ p´1q
r

ż

X

φ ^ d˚ψ “ p´1q
rp1´n`rq

ż

X

φ ^ ˚p˚d˚ψq “ p´1q
rp1´n`rq

pφ, d˚ψq.

This gives:

d˚
“ p´1q

rp1´n`rq
˚d˚.

We can then define the Laplacian as ∆ :“ dd˚ ` d˚d.

Hodge inner product on a holomorphic bundle E: Likewise define

pφ, ψqE :“

$

’

’

’

&

’

’

’

%

ż

X

φ ^ ˚Eψ if φ, ψ P εppX,Eq,

0, if , φ P εppX,Eq, ψ P εqpX,Eq, with p ‰ q.

Form of the B
˚
operator: A similar application of Stokes’ theorem and the general Hodge inner product gives

B
˚

“ ´˚E˚B˚E.

We can now define the complex Laplacian as ˝ :“ B.B
˚

` B
˚
.B.

˝ orthogonally decomposes εp;qpX,Eq into:

εp;qpX,Eq “ Hp;q
pX,Eq ‘ Hp;q

pX,Eq
K

where Hp;qpX,Eq “ tξ P εp;qpX,Eq : ˝ξ “ 0u is termed as the Harmonic subspace and

Hp;qpX,EqK “ tf P εp;qpX,Eq : pf, ξq “ 0, ξ P Hp;qu is its orthogonal complement.

An important projection

Denote the orthogonal projection ofεp,qpX,Eq onto Hp,qpX,Eq by H˝.
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Dolbeault cohomology

The Dolbeault cohomology is the equivalence of pp, qq´ non exactness and the qth cohomology group with

coefficients in the sheaf of p- holomorphic forms over a holomorphic bundle E. Specifically, define:

Hp,q
pX,Eq :“ Kerpεp,qpX,Eq

B
ÝÑ εp,q`1pX,Eqq

Impεp,q´1pX,Eq
B
ÝÑ εp,qpX,Eqq

to be the non-exactness of the short sequence:

0 Ñ X ãÑ Ωp
pX,Eq

B
ÝÑ εp;1pX,Eq . . . Ñ εp;npX,Eq Ñ 0.

We first have a general construction:

Constructing long exact cohomological sequences

Consider the short exact sequence of sheaves:

0 Ñ F1
α
ÝÑ F2

β
ÝÑ F3 Ñ 0.

where the exactness of sheaves meansKerpβq “ Impαq at the stalk 0 Ñ F1x
α
ÝÑ F2x

β
ÝÑ F3x Ñ 0 corresponding

to each x P X . A cohomological long-exact sequence can now be constructed:

¨ ¨ ¨HppX,F1q HppX,F2q HppX,F3q

Hp`1pX,F1q Hp`1pX,F2q Hp`1pX,F3q ¨ ¨ ¨

α˚ β˚

δ˚

α˚ β˚

by defining α˚prf sq “ rα ˝ f s and δ˚prcsq “ ras, where a is a unique element in the cochain group Cp`1pU,F1q

such that αpaq “ δpbq, and b is obtained via the surjection βpbq “ c.

Denoting Zp,qpX,Eq “ Kerpεp,qpX,Eq
B
ÝÑ εp,q`1pX,Eqq, this construction is applied to the following system of

short exact chains:

0 Ωp
loomoon

HqpX,Ωpq

εp,0

Hq´1pX,Zp,1q
hkkikkj

Zp,1 0

0 Zp,1 εp,1

Hq´2pX,Zp,2q
hkkikkj

Zp,2 0

. . .

0
H0pX,Zp,qq
hkkikkj

Zp,q εp,q Zp,q`1 0.

i B

i B

i B

The cohomology groups highlighted in blue are ’chased’ backward through the δ˚ operator, giving:

Hq
pX,Ωp

q – Hq´1
pX,Zp,1

q – . . . – H1
pX,Zp,q´1

q – H0
pX,Zp,q

q{BH0
pX,Zp,q´1

q – Hp,q.

Hence, we have:

Dolbeault’s theorem

HqpX,ΩppEqq – Hp,qpX,Eq.

Connecting Harmonic theory and Dolbeault cohomology

Define:

Φ : Kerpεp;qpX,Eq
B
ÝÑ εp;q`1

pX,Eqq Ñ Hp,q
pX,Eq by Φpfq “ fh

where fh is the harmonic part of f . By the first isomorphism theorem, we have:

Kerpεp;qpX,Eq
B
ÝÑ εp;q`1pX,Eqq

KerpΦq
– ImpΦq.

Properties of ˝ show that Φ is surjective, and KerpΦq “ Impεp;q´1pX,Eq
BE
ÝÑ εp;qpX,Eqq. Hence we have:

Result 2

Hp,qpX,Eq – Hp,qpX,Eq. Perhaps the most important ingredient of the Serre duality!

The Serre Duality

The Serre Duality unifies all the constructions above and provides a canonical relation between specific coho-

mology groups over a bundle and its dual. More specifically,

Statement

Let π : E Ñ X be a holomorphic bundle over a compact complex manifold X , and let E 1 be the dual bundle.

Then, HqpX,ΩppEqq – Hn´qpX,Ωn´ppE 1qq.

Proof. Results 1, 2, the projection onto Harmonic forms and Dolbeault’s theorem give us:

εp;qpX,Eq εn´p;n´qpX,E
1

q

Hp,qpX,Eq Hn´p,n´qpX,E
1

q

Hp,qpX,Eq Hn´p,n´qpX,E
1

q

HqpX,ΩppEqq Hn´qpX,Ωn´ppE
1

qq.

˚E

H˝ H˝

˚E

– –

– –
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